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Complex Numbers and Algebra - Review

Complex number, z, is the sum of real and imaginary parts

Electrical Engineers use j = v—1

z=x+jy = |z|e!? = |z|26

x = Re{z} = |z| cos(@)

y = Im{z} = |z| sin(@)

Euler: /% = cos(8) + j sin(0)




Complex Numbers

« Complex Conjugate

z'= (x+jy) =x—jy=lzle? )’ = |zl -6
1z| = Vzz*

* Multiplication
Z1Zy = (X1x3 — y1¥2) +j(x1y2 + x2¥1)
OR

z12; = |z4|e7%1|z,|e1%2 = |z||z,|e/ (B2 +02)

= |z,||z3|(cos(8, + 03) + j sin(8, + 6))



Complex Algebra
* Division (z, # 0)

21 X +jyr @y xe —jys  (Xxg + y1y2) +f(x23’1 — X1Y2)

Zy X+ jy, (xp+jva)x,—jy, x3 +y3 x5 +y3
OR

jo1
Al . |Z1|€ . |le ej(gl_gz)

Z) - |Zz|€j92 - A

* Exponentiate

Z" = (Izleje)n = |z|"e/™? = |z|™(cos(nB) + j sin(nh))

. 7, 0
71/2 = +]7|1/2¢10/2 = +|7|1/3 (COS (E> +jsin (§>>



Complex Relations

ImA
j=vV=1=¢"2=1,90° f e’ = cos ¢ +isin ¢
—1=j% =t/ =1,180°
i | sin @
—j= —et"2= e "2 =1, —90°
¢
0[coso I Re
. .
\/']_-: (ejTE/Z) /2=i€]n/4=i(1+])
V2
) .
\/—? _ (e_jT[/z) /2 _ ie_j7'lf/4 — +(1 ])

What is \/Z

V2



Phasor Domain - Review

» Used to solve linear systems with periodic time function excitation
* Integral-differential time domain — linear equation in phasor domain

» Force function - expanded in Fourier series, superposition

v(t) = Vycos(wt + ¢)

— ER[VOej((Ut+¢)] — 9:{ Voej¢ejwt]

Phasor 17
Time Domain v(t) Phasor Domain V
v(t) = Vycos(wt) & V=V,

v(t) = Vycos(wt +¢) o TV =V,e/®



Phasor Relation for Resistors
-T<_

Current through resistor

Time Domain Phasor Domain
—l> —I> Time Domain
@, O
+ + i = I, cos(wt + ¢)
v = iR = RI,, cos(wt + ¢)
v R V R

Phasor Domain

V=RI=RIL, .0

O |
O |




Time Domain

<

ji

\_.pltl_i.-lk_z"

Phasor Relation for Inductors

Phasor Domain

r

<
S

V =joLl

Time Domain

_, 0
V=t

Phasor [Somain
UL — ER[VLejwt]
iL — m[iLejwt]

R[7e/ot] = Lo [w(T,e/o0)]

— ER[]C()LTLe‘lwt]
/, = jwLl;
.
Z; = 7 = jwlL



Time Domain

i=C

dv
dt

Phasor Relation for Capacitors

Phasor Domain

Time Domain

__C(’)v
‘T e

Phasor Domain

iC=jG)CVC

U 7 |
Lr == =——
¢ I jwC
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RC Circuit Phasor Solution

! R
——
vs(t) = V,y sin(wt + ¢g) VVV=
Vo =amplitude
w =angular frequency Vs(t) C —

¢, =reference phase

Solve for:  i(t)

Apply Kirchoff’s Voltage Law (KVL):

Time Domain: Ri(t) + = [ i()at = vy(t)



RC Circuit Phasor Solution

[ R
Step 1: Move to Cosine reference: m——
] vVVWA—
vs(?) C ==

SinX = CMC%.—/()
Ust) = Vo sy (wtt o) /
Vo Cos (I - wt croo)
Vs (¢) =

Vo C:o.s(wt + @y - 'rr) e—— Cos (x) =

= cos(-X)
. T T
vs(t) = Vo sin(wt + ¢g) = Vy cos (E — wt — q50) =V, cos (wt + ¢ — E)
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RC Circuit Phasor Solution

s
Step 2: Convert from time to phasor domain  v,(t) = V, cos (a)t + g — E)

c,\/\ans,e time - dtptdat o \oLvaSOrS .

2(¢t) = Re [%eiwtl

! | R
Z 5 't.\m€-;n6\f’(5€néf/t+ FYuncHo~ | W—
P\Ao\.sor of [ astatanfous 2-_(:&)
M) = wstd do  {advate astrataneous %Aa&;*ﬂ/
o ) VS(I) C —
v ()= Re[ Vo iV ’“f:") i ;
2 Re L Vo < i .(Q‘Awb 1
Vat) = Re L ’\v}se.“‘yc
n : 7
Vs = Vo 4 . <¢o l) A
‘sko\sgr g —> corrs ponds  Ho  Five
foackion Vi (£) | has  ompliludg
oA ‘o\/\a-fe —  lut i«c\?.P&\c&h“l'
of t*me
T T ST ~ (-1
vs(t) =V, cos (wt + ¢g — E) =R lVOe](d)o Z)ef“)tl =V, = Voe](d)o 2)
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RC Circuit Phasor Solution

Time Domain: Ri(t) + %f i(t)ot = vy(t)

iCe) = Re [ Ted¥Wt |

de . [Re(IeJ”t)] RQ[A (Iec\wt)j
at

d = R \ O oo 3WE

-:li;‘ ﬁ[ E\WIe 1

S":Jf 3 jRe (feéwtjit - Qﬁ{gfedwft]
Ji&t - Re[% C‘.’wt]

4
4 <o T
Y]



RC Circuit Phasor Solution

Step 3: Obtain Phasor Form for Time-Domain Equation

i R
#
R JCE) + _L_,j»(:(t) dt = Vi (&) VYV
c.
A~ jwt | % wt ~ ot C_I_)vs(t) C =—
R Re[ Teid¥t ]+ CRQ{_'W " ’Qe[\/sedw] -
¢
e ~ *
Re [ R-t-_L_——)f-.\é]edu = O I
dwc_ o I R
J >
SR ko‘“\ RE’ ané I,M Qomponp,d‘.s =D OlnA e 42'0 ‘AN\_




RC Circuit Phasor Solution

Step 4: Solve the Phasor Domain Equation

1 - . 1 .
I|\R+—|=V, > I=V/[R+—)=1,e/®

jwC jwC
f = g& ==> e o8 ed‘e
R‘f‘%wc 3'3'/ ,CRPQ,Q

= v, g (#o-T) [ @‘*’C \%\e£9»x+ii

kﬁ \Jl+w’1§"“c"' C;‘P;

o V(o - P, = 'f-w\hjcwkc>
I= Voe,d )[ JTV?. Q(A) ) ]
|

J1swrR3Y Clcp
f’ Vo w & e;,(CPo—cp,)

VI+ wiRaer




RC Circuit Phasor Solution

Step 5: Obtain the time domain solution #(t)

i(t) = R[le/*t]

— SR VOwC ej(d)o_(pl)ejwt

~ V1 + w?R2C2

_ Vo(l)C
V1 4+ w?2R2(>

cos(wt + ¢y — ¢p1)

() = 0 (0t +do—¢1), ) = tan—L(wRC)
l = COS\w — , = an w
N 0= ¢, ¢




Time and Phasor Domain
-T<_

v(t) = R|Velt]

v(t) v
A cos(wt) - A
A cos(wt + ¢) o Ael?
—A cos(wt + ¢) o  Aei(@xm)
A sin(wt) o Ae V"2 =—jA
Asin(wt + ¢) o pAel(@-T/)
—Asin(wt + ¢) o Ael(@+7/2)
Acos(wt + Bz + ¢g) & Ael(Fztdo) Traveling waves
Ae ™ cos(wt + Bz + ¢py) © Ae—%Z o J(Bz+¢o) in Phasor Domain

Much easier to deal with multiplying phasor domain
exponentials than time domain integral-differential equation



Time and Phasor Domain
-T<_

v(t) = R|Velvt|

v(t) 1%
d .
E(U(t)) o joV
%(Acos(wt+qb)) o jodel?
Jrv(t)dt o (1)jw)V

Jf Acos(wt + ¢) dt EN (1/ja))Aef‘/’

f Asin(wt + ¢) dt “ (1/ja))Aej(¢0_”/2)



ac Phasor Analysis: General Procedure

vs(t) = Vy sin(wt + ¢y)
TL’ .
=V, cos (wt + o — E) 1. Adopt Cosine Reference for Source
. T
— R [Voe](¢0_7)ejwt]

~ -(¢ _g) 2. Transfer to Time-Independent Phasor Domain
= VS = Voe] 02

i R T R i1

—— A — voV

() C=/— = Vv, j(}%c:: R—-Zz =R
L-Z, =jol

C->Z,=1/joC
Apply Kirchoff’s Voltage Law (KVL)
Time Domain: Ri(t) + %f i(t)ot = vy(t)

Phasor Domain: [(Zg + Z;) = T(R + ](%C) =T,

3. Obtain Phasor Form for
Time Domain Equation

~

= L — Ioejcb 4. Solve Phasor Domain Equation for

R+ unknown Variable (I)

jwC



ac Phasor Analysis: General Procedure

4. Solve Phasor Domain Equation (cont’) -
Recall: j = e/"/2
.TT
¥ . . 1 . 3
Y oyl Ly (00g) _JOL _y i(g0g) e 2eC
1 1 1+ jwRC 1+ jwRC

[ =

Recall: x + jy © |z|e/?

Denominator: 1 + jwRC = V1 + w2R%2C%e/?1, ¢, = tan"*(wRC)
TT

e'2wC VowC

V1+ w?R2C2e/$1 1+ w2R2C2

f = v,e/(®0-2) o (Po—b1)

5. Transform Back to Time Domain

~ . Vo(,()C . ] Vo(,()C
i(t) =R/ =R e/ (Po=P)gjwt| = cos(wt + ¢y — 1)
[7e"] V1 + w?R2(2 V1 + w?R2(2 o=
Vo(I)C

i(t) =

cos(wt + ¢y — ¢p1), ¢, = tan " (wRC)

V1 + w?R2C?




RL Circuit Phasor Example

— -

+ Given v (t)
T L8 i)

Consider: v,(t) = 150 cos(wt)

R = 400[Q]
L = 3[mH]
W = 105 lrad

KVL
Time Domain: Ri(t) + L— v (t)
Phasor Domain: RI +]a)LI =T,

V. = 15020°

Solve for [ =



RL Circuit Phasor Example

150 150

i= =
400 + j(105)(3 x 10-3) ~ 400 + ;300

tan~1(300/400) = 36.9° = 0.6435 [rad]

150 B 150
V4002 + 3002¢/369°  500e/36:9°

I

150 ..
[=co5e7/%% =032-369°

i(t) = R|le/@t]| = 9%[0.36‘j36'9oej105t]

i(t) = 0.3 cos(10°t — 36.99)

22
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